The Gauss images of isoparametric hypersufaces of the standard sphere S n+ provide a rich class of compact minimal Lagrangian submanifolds embedded in the complex hyperquadric Qn(C). This is a survey article based on our joint work [17] to study the Hamiltonian non-displaceability and related properties of such Lagrangian submanifolds.
Introduction
This is a survey article based on our joint work [17] . The aim of our work is to build a bridge between the symplectic geometry and the submanifold theory. Here by symplectic geometry, we mean the Floer theory for Lagrangian intersections, and by submanifold theory, isoparametric hypersurface theory. The isoparametric hypersurface has been well-investigated in submanifold theory and it has several nice structures and properties not only in di erential geometry but also from the viewpoint of di erential topology, Lie theory, partial di erential equations, integrable systems and mathematical physics.
The Floer theory has been well-developed, but not much is known in concrete cases. The Gauss images (the images of the Gauss map) of isoparametric hypersurfaces in the standard sphere S n+ supply a rich class of compact minimal Lagrangian submanifolds embedded in the complex hyperquadric Qn(C). When n = such a Gauss image is nothing but a great circle of the standard -sphere. We study the Lagrangian intersection theory on this class.
For a Lagrangian submanifold L of a symplectic manifold (M, ω), consider a Hamiltonian di eomorphism φ of M with transverse intersection L ∩ φ(L).
To give a lower bound of the number (L ∩ φ(L)) of intersection points is an important and di cult problem, which is the so-called Arnold inequality. Floer has invented the Floer (co)homology to solve this problem. In this article a symplectic manifold, which we are concerned with, is the complex hyperquadrics for the position vector x of points on N n and the unit normal vector eld n of N n in S n+ ( ). We remark the following properties (cf. [34] , [19] ):
Proposition 1.2 ([19]). A deformation of N n in S n+ gives a Hamiltonian deformation of G. Conversely a small
Hamiltonian deformation of G is given by a deformation of N n in S n+ ( ).
In this article we consider isoparametric hypersurfaces of S n+ as oriented hypersurfaces N.
This article is organized as follows: In Section we recall the fundamental theory of isoparametric hypersurfaces in the standard sphere and the properties of the Gauss images of such isoparametric hypersurfaces as Lagrangian submanifolds in complex hyperquadrics. In Section we review some fundamental materials from symplectic geometry and Morse homology. In Section we brie y explain Floer's theory of Lagrangian intersection and in Section we mention the generalization of Floer homology by Y.G. Oh to monotone Lagrangian submanifolds. In Section we explain our results of [17] which discuss the Floer homology of the Gauss images of isoparametric hypersurfaces and study their Hamiltonian non-displaceability. In Section we give the strategy of our proof and remark some related results. In Section we mention a relation of our work to the FOOO theory and Z.Z. Tang's result determining the existence of spin structures on the Gauss images of isoparametric hypersurfaces. In Section we provide some open problems and conjecture.
Isoparametric hypersurfaces in spheres
Isoparametric hypersurfaces have its origin in the geometric optics in the early 20th century in Italy (Somigliana, Segre, Levi-Civita). They are wave fronts developing according to the Huygens principle.
Let M be a Riemannian manifold with the Levi-Civita connection ∇ and the Laplace operator ∆.
A regular level set of an isoparametric function is called an isoparametric hypersurface.
Here, (1) means that the level sets are mutually parallel, and under this condition, (2) means that each level set has constant mean curvature. 
. Classi cation of isoparametric hypersurfaces
The Classi cation of isoparametric hypersurfaces in spheres has been completed as follows (2019) :
n is either homogeneous or OT-FKM type ( [4] , [5] , [6] , [7] ).
, [24] ). Let µ = m + m .
Theorem 2.4 ([25])
.
Furthermore,
Gauss images of isoparametric hypersurfaces
We shall consider an isoparametric hypersurface N in S n+ as an oriented hypersurface, and consider its
Proposition 2.5 ([34], [19], [29]). Suppose that N is an isoparametric hypersurface of S n+ ( ). Then the following properties hold: (1) The Gauss map of N
G : N −→ Gr (R n+ ) ∼ = Qn(C)
is a minimal Lagrangian immersion into Qn(C). (2) Moreover the Gauss image L = G(N) is a compact minimal Lagrangian submanifold embedded in Qn(C) and the Gauss map gives a covering map onto the Gauss image
with the covering transformation group Zg.
is homogeneous if and only if the Gauss image L
= G(N n ) is homogeneous. (4) n g is even (resp.
odd) if and only if its Gauss image L = G(N n ) is orientable (resp. non-orientable).
Some problems such as classi cation of homogeneous Lagrangian submanifolds, Hamiltonian stability and so on were studied in [19] , [20] , [21] , [22] for the Gauss images of isoparametric hypersurfaces. Here we refer
Proposition 2.6 ([8], [32]). Let (M, ω, J, g) be an Einstein-Kähler manifold of Einstein constant > . Then any compact minimal Lagrangian submanifold L of M is monotone.
The de nition of the monotonicity for Lagrangian submanifolds is given in Section 5. By this result we see that the Gauss image of an isoparametric hypersurface is always a monotone Lagrangian submanifold of Qn(C).
Now we discuss the intersection theory of those minimal Lagrangian submanifolds L = G(N) in Qn(C).
A review of symplectic geometry
Example 3.1 :
(1) For any manifolds X, the cotangent vector bundle T * X is a symplectic manifold with canonical coordinate system (x, ξ ), and ω
Lagrangian submanifolds of T * X.
(2) Any Kähler manifold and so any oriented Riemannian surface are symplectic manifolds. On such surfaces, any curve is a Lagrangian submanifold.
. Weinstein neighborhood
A Lagrangian submanifold L in (M, ω) is also a Lagrangian submanifold of T * L as the zero section at the same time. It is well-known that there exist a tubular neighborhood ( .
Hamiltonian di eomorphisms
In the following, let (M, ω) be a closed (i.e. compact without boundary) symplectic manifold.
De nition. 
where X Ht is the Hamiltonian vector eld corresponding to
Denote the Hamiltonian di eomorphism group of (M, ω) by
Sometimes we call φ ∈ Ham(M, ω) a Hamiltonian isotopy or a Hamiltonian deformation. Any φ ∈ Ham(M, ω) maps Lagrangian submanifolds to Lagrangian submanifolds.
In general, this FAILS as a large isometry φ for a small circle L in S gives a counter-example. On the other hand, a great circle of S satis es it. Therefore, the Lagrangian intersection is considered as not only a topological matter, but also a symplectic matter.
. Lagrangian graph
is nothing but the critical point set of f , when L is closed and f is a Morse function, the Morse inequality implies the Arnold inequality De ne the Morse complex by a vector space over Z with a grading
where ∼ is a parameter shift s → s + a.
The Morse boundary operator
, where the number of elements M(x, y) is counted modulo . Then ∂ f • ∂ f = , and so the
Im ∂ f is de ned and it is isomorphic to H(M, Z ). The Morse homology over the coe cient Z is elementary. The Morse homology is usually constructed over the coe cient Z, under the setup together with the orientations.
Floer homology of Lagrangian intersection
Let L ⊂ (M, ω) be a closed Lagrangian submanifold, and φ = ϕ ∈ Ham(M, ω). We suppose that
and de ne a -form on Ω as
Then we observe that α is closed. Suppose that the intersection L ∩ φ(L) is transversal. Then the following properties of the moduli space M(x, y) hold:
Theorem 4.2 ([37], [12]). Under the condition [C], the following hold: (1) For a generic J
and each u ∈ M(x, y), so that a neighborhood around u in the moduli space 
By de nition it obviously holds the inequality
#(L ∩ φ(L)) ≥ rank Z HF(L).
Choose a base intersection point x ∈ L ∩ φ(L).
Using the Maslov-Viterbo index µu(x, x ), and minimal Maslov number Σ L (see the next section for the de nition), one can de ne a Z/Σ L -grading on the Floer complex CF as
x ). Hence we have a Z/Σ L -grading on the Floer homology
HF(L) = Σ L − i= HF i mod Σ L (L, φ, x ).
Theorem 4.3 ([12]). Under the condition [C], the following hold: (1) HF(L) is well-de ned and independent of the choice of H t and generic J t . In particular, HF(L) is invariant under any Hamiltonian di eomorphism and its Z/Σ L -grading is also preserved under any Hamiltonian di eomorphism. (2) If π (M, L) = , then HF(L)
∼ = H * (L, Z ).
Generalization of Floer homology by Y.G.Oh
Y.G. Oh weakened the condition [C] to monotone Lagrangian submanifolds, and showed that all results in Section 4 except for Theorem 4.3 (2) hold.
De nition. A group homomorphism Iω
On the other hand, another group homomorphism
where setũ :
is the Lagrangian Grassmann manifold consisting of all Lagrangian
vector subspaces of C n , and µ ∈ H (Λ(C n ), Z) ∼ = Z is the Maslov class of Λ(C n ).
De nition. The positive generator Σ L of the image of I µ,L is called the minimal Maslov number of
De nition. L is said to be monotone if there exists λ > such that
Theorem 5.1 ([26], [27], [28]). When L is monotone and has minimal Maslov number Σ L ≥ , the homology HF(L) := H * (CF(L), ∂ J ) is well-de ned for a generic choice of (H, J). This is called the Floer homology of L with

Z -coe cient, and this is invariant under the Hamiltonian isotopies of L.
Suppose that L is monotone and Σ L ≥ . We consider a Morse-Smale function f on L so that a Hamiltonian
) is contained in a Weinstein neighborhood of L identi ed with a tubular neighborhood of the zero section of T * L. In such a setting, L ∩ ϕ (L) coincides with Crit(f ) (see Subsection 3.3). We may assume that a base intersection point x is a unique relative minimum point of f on L. Then we know that the Maslov-Viterbo index µu(x, x ) coincide with the Morse index of f at a critical point x and we have
. Moreover the Floer boundary operator can be decomposed as
where ∂ is the Morse boundary operator and the other ∂ j (j = , · · · , ν) makes indices jump, where
. By this decomposition of the Floer boundary operator, the spectral sequence for the Floer homology were constructed by Oh [28] and Biran [2] . The calculation of HF(L) is easier if ν is small, but more di cult if ν is large.
Remark 5.2 :
When Σ L = , the bubbling of J-holomorphic strips may occur, and the calculation becomes di cult.
The Gauss image L = G(N) of an isoparametric hypersurface N is a monotone Lagrangian submanifold in Qn(C), and so we can apply Oh's argument to it.
De nition. (1) When there exists
Since the Floer homology is generated by intersection points, it is obvious that if L ⊂ (M, ω) is Hamiltonian displaceable, then we have HF(L) = .
Results
Let N be an isoparametric hypersurface with g distinct principal curvatures, and set L = G(N) ⊂ Qn(C) as its Gauss image. First the following proposition is known and elementary in submanifold theory:
Proposition 6.1. g = or if and only if L = G(N) is a real form, (equivalently, a totally geodesic Lagrangian submanifold) of Qn(C). (1) g
= (N = S n ) ⇒ L = S n ⊂ Qn(C) is a real form of Qn(C). (2) g = (N = S k × S n−k , ≤ k ≤ n − ) ⇒ L = (S k × S n−k )/Z ⊂ Qn(C) ( ≤ k ≤ n − ) are real forms of Qn(C).
Proposition 6.2 ([28], [18]). In these cases, HF(L)
∼ = H * (L, Z ) ≠ and
thus L is Hamiltonian nondisplaceable.
Question. How about the case g > ?
As for the minimal Maslov number Σ L of the Gauss image L = G(N) of an isoparametric hypersurface, it holds Lemma 6.3 ([21] , [29] ).
(see Theorem 2.2 (1)).
Now for g > , we state our main result.
Main Theorem ([17])
and in particular,
L is Hamiltonian non-displaceable, and 
However, when we apply Damian's spectral sequence in the proof, we need m ≥ (see below). Thus the remaining cases are n, m , m ) = ( , , , ) ,
It is known that all isoparametric hypersurfaces of such (g, n, m .m ) are homogeneous.
Strategy of the proof
As for (1), we directly compute π k (L) to show that L is a Z -homology sphere, see [17] , Lemma 4.1.
Here, we will give the strategy of the proof for (2) 
4. E p,q r collapses at (ν + )-step and for any p ∈ Z, Using these, we give a sketch of the proof for g = . The case g = is similarly obtained although a bit longer.
When g = , suppose L is Hamiltonian displaceable, hence HFL(L) = . Then by Lemma 7.2 (2) we have = E ,q and so it follows from Proposition 7.1 (3) that
is exact.
Since
is exact. On the other hand, by Münzner's Theorem 2.4, we know
Thus this contradits (1) if ≤ m ≤ m . As a result, L is Hamiltonian non-displaceable when g = and ≤ m ≤ m . We shall mention some results related to Main Theorem. It is also interesting to study extrinsic topology of the Gauss images of isoparametric hypersurfaces in complex hyperquadrics. The following result of Albers gives a su cient condition on extrinsic topology for monotone Lagrangian submanifolds to be Hamiltonian non-displaceable. 
Relation to FOOO theory
Fukaya-Oh-Ohta-Ono deeply investigate the Floer theory on Lagrangian intersections ( [14] ). We note some parts related to our work. 
Because they use the Q-coe cient, it is important to know if the moduli space M(x, y) is orientable or not.
Since we used Z -coe cient, we needed not to care about that point. However, it is an interesting question whether the Gauss image L of an isoparametric hypersurface is spin or not. This is completely determined by Z.Z. Tang.
